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A study on the implementation of digital control algorithms
— A comparison of the delta versus polynomial form —
স ึ ແ
Tatsu Aoki
Abstract:This paper considers ﬁnite word length (FWL) effects when implementing the discrete-time transfer functions in
the delta form. A new numerical integration method for ﬁxed-point microprocessors named Variable Modulation Method
(VMM) was previously proposed. In this series of research, the effectiveness of VMM was veriﬁed on a digital ﬁlter and
a controller via simulations and experiments. A general procedure for applying VMM to a digital controller by using
Matlab/Simulink is also reported. Furthermore, a simple methodology that is mathematically equivalent to VMM was
proposed. Since this modiﬁed VMM(MVMM) offers good ﬁnite word-length performance, and becomes the same form
based on the conventional delta operator, MVMM will be useful in the industrial applications. Concerning the delta
form, the polynomial form that generalizes the delta form is proposed and the optimization of the polynomial form is also
reported. In these papers, the optimum implementation method is proposed, when a control algorithm with the transfer
function or the state-space description is given. On the other hand, MVMM improves the operational accuracy, when
a control algorithm is given as a delta form in ﬁxed-point arithmetic. This paper presents the effectiveness of MVMM,
comparing the polynomial form to MVMM on a forth-order low-pass Butterworth digital ﬁlter.
































0 1 0 0 1 1
1 1 1 0 0 1
2 1 0 0 1 1
3 1 1 0 0 1
4 1 0 0 1 1
5 1 1 0 0 1
6 1 0 0 1 1







































m ( Ti x ki- 1 )
0 0 0 0 0 0
1 1 0 0 1 1
2 2 1 0 1 2
3 3 1 0 2 3
4 4 2 0 2 4
5 5 2 0 3 5
6 6 3 0 3 6
7 7 3 0 4 7













































0 1 0 0 0 0 1 1 1 1
1 1 1 1 1 0 0 0 0 1
2 1 1 0 0 0 0 1 1 1
3 1 1 1 0 0 0 0 1 1
4 1 0 0 0 0 1 1 1 1
5 1 1 1 1 0 0 0 0 1
6 1 1 0 0 0 0 1 1 1

































































0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 1 1 1 1
2 2 1 1 1 0 1 1 1 2
3 3 2 1 1 0 1 2 2 3
4 4 3 2 1 0 1 2 3 4
5 5 3 2 1 0 2 3 4 5
6 6 4 3 2 0 2 3 4 6
7 7 5 3 2 0 2 4 5 7














































































b0zp + b1zp−1 + · · ·+ bp
zp + a1zp−1 + · · ·+ ap (1)
サンプリング周期Tを用いない正規化デルタオペレータ
δ¯ = z− 1 (2)
により式(1)をデルタ形式に変換する．
H(δ¯) =
b0δ¯p + b′′1 δ¯p−1 + · · ·+ b′′p
zp + a′′1 δ¯p−1 + · · ·+ a′′p
(3)
式(3)より制御アルゴリズムは
x0k = ek − a′1x1k − · · · · · · − a′p−1xp−1k − a′pxpk











































w = (−1)k q
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Table 1 Principle of MVMM(one bias)
Table 2 Integral value(one bias)
Table 3 Principle of MVMM(two biases)
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i = 1, 2, · · · , p (8)
ここで，∆i > 0 ，γi は −1，0，+ 1のいずれかである．
通常のデルタオペレータはγi = 1，∆i = Tに，正規化デル
タオペレータはγi = 1，∆i = 1に設定することにより表現
できる．すなわち，デルタオペレータを一般化したものが
多項式オペレータである．伝達関数H(z)は，多項式オペ





i=1 ρi + β1
∏p
i=2 ρi + · · ·+ βp∏p
i=1 ρi +α1
∏p









xk+1 = Aρxk + Bρuk　












0 0 0 · · ·


























−∆1αp−1 0 0 · · ·










Bρ = β¯ − β0α¯
Cρ = ( ∆1 0 · · · 0 )
ここで，
α¯∆ (α1 α2 · · · αp )T
β¯∆ (β1 β2 · · · βp )T
とする．
Fig. 2 pth-order delta form
Fig. 3 Inverse delta operation based on MVMM
Fig. 4 Polynomial operator based form
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b0z4 + b1z3 + b2z2 + b3z + b4




{ai} = {1.0000,−3.1806, 3.8612,−2.1122, 0.4383}




{a′i} = {1.2568, 1.0247, 0.6893, 0.3268}
{b′i} = {4.1660× 10−4, 0.0051, 0.0321, 0.1345, 0.3268}






















W¯c (i− 1, i− 1) i = 2, · · · , p (13)
{αi} = {2.5603, 1.2112, 0.6960, 0.3722}
{βi} = {4.1660× 10−4, 0.0104, 0.0379, 0.1358, 0.3722 }
{γi} = {1, 1, 1, 1}
{∆i} = {0.3200, 0.8237, 0.3723, 0.1824}
(a) Step response
(b) Sinusoidal response(20 Hz)
Fig. 7 The polynomial operator based form
(a) Step response
(b) Sinusoidal response(20 Hz)
Fig. 8 MVMM based form without biases
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(a) Step response
(b) Sinusoidal response(20 Hz)
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